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(where w is the initial node) and for all non-initial node x, we have
QRT(x) = |i | i € QRT(p(x)) or at p(x) it was i’s move and there does not exist
5 € R;i(I") such that s(p(x)) = a(x)].

Definition 1 tells us that, as in conventional game theory, all players are assum-
ed to be rational to start with (i.e. the set of irrational players, QRT(w), is empty).
At any other node x a player is irrational (i.e. he belongs to the set QRT(x)} if either
he is already revealed irrational or at the previous node it was his move and there
is no rational strategy of his which could have made him choose the alternative that
brings us to node x.

As soon as a solution concept is specified, an implicit rationality definition gets
specified as well. It is worth stressing that R;(I'}isnot a definition of rationality
but it embodies a definition of rationality. The best way to think of a rarionality
definition is as a statement of moves that a rational player may make at each node.
Thus if x is a node in I" where / has to move and i £ 0ORT(x) then all moves m such
that there exists s € R;(T") for which s(x) = m are rational moves. If i € QRT(x)
then #s move at x of course does not tell us what a rational player would do.

Ishall first develop a very weak form of the backward-induction axiom. For this
we need some new notation. For any strategy n-tuple sin the game T, let s: [, repre-
sent the restriction of s on the subgame T',.. We shall use #(R, I x) to represent the
set of terminal nodes which can be reached in ', by s:T", for some s € R(IN).

If Z, and Z, are subsets of the set of terminal nodes Z in some game [, we write
Zy >; Zyif forall x € Z; and for all y € Z3, ui(x) > w(»).

Our backward-induction axiom asserts the following. Suppose in some game
yand v are immediate successors of x and it is i's move at x. If all the terminal nodes
that can be reached from v by playing strategies in the solution set dominate from
i’s point of view all the terminal nodes that can be reached from y by playing
strategies in the solution set, then if i moves so as to get to y then i is revealed irra-
tional.

Axiom B: The solution concept, R, must be such that for all T" and for all nodes
x,¥v,where yand vare immediate successors ol x, ifitis ’smoveat x and (R, T'v}
> 68(R,T,y), theni € QRT (5.

In Basu (1988) cooperation in the Prisoner’s Dilemma is explained by allowing
a player to make a move that shows him up.as irrational and this influences the play
of others in a way that could be beneficial to the player. A reasonable abjection to
this is that other players can surely see through such strategicirrationality and hence
would not view the original player as irrational at all. To state this formally, I shall
abuse the £(.) notation developed above a little and use B(sj ,I x) to denote the set
of terminal nodes which can be reached in T\, by s:T', where s is any strategy pair
whose j-th component is 85 '

The next axiom states that if in some game, y and v arc immediate successors
of x and it is s move at x and for some strategy of the other player belonging to
the solution set, all the terminal nodes reachable from y dominate (from {’s point
of view) all the terminal nodes reachable from v, then if f is described as rational
at v,  must described as rational at y.
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Axiom §: The solution concept, 8, must be such that for aLl I"and forall nodes x, y v
where y and v are immediate successors of x, if there exists 5 e RJ,- () such that
6(s; ,I\¥) >; 6(s;,I\v) and i ¢ QRT(v) then i ¢ QRT(y). ‘

Before stating the next axiom, note that in the approach taken in this paper (in
contrast to the traditional, extensive game model) RE(I‘X) need not be equal to
R;(T"): I',.. Thatis, the set of /'s possible strategies in the game I'; need not coincide
with the restriction of ’s possible strategies in T" to the subgame I', . This is because
I, considered as a game in itself implies that no one is irrational and / knows this.
But in I’ when node x is reached, some players may have been revealed irrational.
Even though / himself may not have been revealed irrational, his play in the subgame
T, may be influenced by his awareness that there are players who are known to be
irrational. It is in this sense that my approach may be described as history-sensitive.
How a player plays in a subgame depends on the history of play at the initial node
of the subgame.

Since my argument turns on the definition of rationality, it is important to
specify what irrationality implies. A simple assumption is that an irrational player
is unpredictable.

In terms of the game, T, described above, if 1 is known to be irrational at node
¥, then 1 (it is expected) may play 2" or r’.

Axiom U: The solution concept, R, must be such that for all I" and for any node
xifi € QRT(x) and it is /s move at x, then R;(T") : [, = S;: T, where S; is player
i's set of strategies in the game I'.

The axiom simply states that once a player has been revealed irrational, from
there onwards he is treated as unpredictable,
Axioms F, B, S and U are together incompatible.

Theorem I There does not exist any solution concept satisfying axioms F, B, S and
U.

Proof: This theorem is weaker than theorem 2 proved below, [

All these axioms can be relaxed without losing the impaossibility theorem. This
isdiscussed in a later section but one particular axiom weakening is worth discussing
here. It may seem to some that an irrational player should not be treated as totally
unpredictable. In that case we may wish to weaken axiom U to state the following.
An irrational player is less predictable than a rational player. That is, he may play
any strategy that a rational player may play and (wherever possible) there are other
strategies which he may play. We no longer require that he may play any strategy in
his strategy set as in axiom U. ’

Axiom U* The solution concept, B, must be such that for all T and for any node
x, if it is #s move at x, i € Q8T (x) and R;(T}) is a proper subset of §;: I',, then
R;(I'}) is a proper subset of R;(T") : Ty .
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The axiom says that if at a node x, i is considered irrational, then the set of
strategies that he may be expected to employ thereon (ie. R;(T') : I,) is a proper
super set of the strategies that a rational player may be expected to employ in a
similar situation (i.e. R;(T,)), assuming, of course that R;(I',) is not already as large
as is feasible (i.e. R;(T}) is not equal to S; : I'y).

To illustrate this axiom suppose I, shown above, is actually a subgame of a
larger game. In this subgame player 1 has 4 strategies: r+', rh’, hr', hh’. Suppose
that if 1 is rational, our solution predicts | will play rr’. What axiom U* says is that
if, at node w, [ is known to be irrational, the solution must predict a larger set of
" possible strategies that 1 may employ in this subgame. That is, the predicted set of
strategies must include rr’ and one or more strategies from the three remaining
available.

Actually we could think of an intuitively more correct version of U*, Note that
the subgame I', considered as a game in itself treats all players (not just /) as ra-
tional. Hence the difference between R;(T") : T, and R;(T) in axiom U* is not just
that the former takes into account /s irrationality and the latter does not. Instead,
the latter treats everyone as rational. If we want the only distinction to be /s ra-
tionality, then we would have to write axiom U* more elaborately as follows.

The solution concept, R, must satisfy the following condition: for all I" and for
all x € T, if it is /s move at x, i € QRT (x) and there exists a game [" such that
fy = T, and ORT (x) - QRT(y) = {iland R;(D) : f‘y is a proper subset of S, : f‘y
then R;(F) : T, is a proper subset of R{(I") : I, .

It will be clear from the proof of theorem 2 that it does not matter formally
whether we use axiom U* or its more intuitively appealing variant just described
above. Hence, I use the technically simpler axiom U*

Theorem 2 : There does not exist any solution concept satisfying axioms F, B, 5 and
Ux,

Proof: Let R be a solution concept that satisfies axioms F, B, 8 and U* Axiom F
allows us to speak of R|(F) and Ry(T") independently. Consider the game, T,
described in Section I. It follows from definition 2 that either of the following must
be true: QR (x) = ¢ or QR (x) = {1].

Suppose Q8T (x) = ¢. Then 1 ¢ QRT (y). By axiom B we know 1 € QRT'(v).
Lets € Ry (T"). Since 1 ¢ QRT(y)and 1 € QRT'(v), definition 1 implies s(y) # A’.
Hence, s(y) = r’.

This implies (R, T, b) >, 6(R, T}, »). Hence, by axiom B, 2 € QR (y). Since
2 ¢ ORT'(x), definition 1 implies that if s’ € Ry(T), then s'(x) = R.

By repeating the same argument at w, it can be shown that if s € R((T"), then
s(w} # h. Hence 1 € QRT (x), which is a contradiction.
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Suppose AR (x) = {1}. It follows from definition 1 that 1 € QRT'(y). Consider
now the game Fy described below:

By axiom B we know that if s € R, (Iy) then s(y) = r’. Hence R ( I‘y) is a proper
subset of Sy : Iy, . Since player 1 has to play at yand 1 € 98T (y), we know by axiom
U* that Ry(I',) must be a proper subset of Ry(T") : I, . Hence the strategy s, of
player 1 such that s;(y) = &’ must be an element of R{(I") : I, . Hence there exists
5y € Ry(I')suchthatv € 8(s;, T, y). Hence 6 (s{, I, y) >3 8(s;, T} b). Axiom S im-
plies that if 2 ¢ QRT'(p), then 2 ¢ QRT (y). Hence if 2 € QRT (), then 2 € QR ().
But this is impossible by definition 1, since 2 ¢ QR (x). Hence 2 ¢ QR (). By
definition 1, there exists 5, € Ro(T") such that s,(x) = L. Hence, 6 (sy, T, x) > 0(5y,
T, @). By axiom §, 1 ¢ ORT (x), which is a contradiction. [

3 Discussion

How does subgame perfection relate to my axioms? It will be shown here that none
of my axioms, B, 8 and U, is individually incompatible with subgame perfection
(though, of course, taken together, they are). While subgame perfection directly
satisfies B and S, its compatibility with U is more indirect and in a sense that needs
to be made precise. This is done in the next theorem, but before stating the theorem
we need one more definition.

In order to refrain from the technical, but conceptually inconsequential, dif-
ficulties that could arise from the fact that a solution concept does not automatical-
ly satisfy axiom F, I shall here restrict attention to games in which each player has
a strict ordering of the terminal nodes. Such games will be referred to as strongly
ordered games.

Abusing the 6(.) notation once more, let us use 8(R, I') to denote the subset of
the terminal nodes of I' which can be reached by some strategy combination in
R(T"). The solution concepts R and R’ will be described as equivalent if for all
strongly ordered game, T, 8( R, ') = 8(R’, T"). Now we can state formally our obser-
vation about subgame perfection being directly compatible with S and indirectly so
with U. It is worth remembering that in stating Theoremn 3 we are considering only
two-player games with perfect information,
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In this section we use R to represent the solution concept of subgame perfection.
That is, for all T}, s* € R(I")if and only if for all node x, if it is /’s move at X, then
- the terminal node reached in T, by s* : I, is, from i’s point of view, as good as any
terminal node that may be reached through a unilateral deviation by / from s*

Theorem 3: Within the domain of well-ordered games,

(i) R satisfies axioms B and S, and
(ii) there exists a solution concept, R, which is equivalent to K and which satisfies
axioms B and U.

Proof: (i) Consider a strongly-ordered game [* and nodes x, y and v, where it is i's
move at x, ¥ and v are immediate successors of x and O(R, T y) > 8(R, T, v).

Suppose i ¢ ORT(v). Hence, there exists s € R|(T") such that s(x) = a(v). But
it is easy to see that there exists s° € §; which would in the subgame I', take | to
a superior terminal node than s. For this 5’ must simply be such that s’ (x) = a(y).
Hence s ¢ RI(I‘)

This contradiction establishes that i € QRF(V) Hence R satisfies axiom B. A
similar proof can be constructed to show that R satisfies S.

(ii) Let us construct a solution concept, R, as follows. For all strongly ordered
game, T, and for all player, /, in T, R;(I") is defined in the following way: s € R;(T")
if and only if there exists s* € R, (I‘) such that for all x where i has to move and
i¢ QRF(x), §(x) = s'{x). It is now easy to check that R is equivalent to R and it
satisfies axioms B and U. I

4 Interpretation

The discussion in the previous section suggests that an attempt to break out of the
impossibility established in section 2 should be focussed on axiom U or U*, Before
going into a discussion of the intuition for accepting or rejecting this axiom, I want
to demonstrate that the above theorem can be strengthened by weakening U or U*
in an interesting way. For linguistic simplicity, I shall conduct the discussion here
in terms of U, though much the same could have been said using U* Note that what
axiom U asserts is that a player who has once been observed behaving irrationally
must be, then onwards, treated as completely unpredictable. 1 feel this is a better
assumption than the traditional one which would ignore the revealed irrationality
and continue to treat the player as completely rational, It may legitimately be argued
however that these two polar assumptions are not the only possible ones; and there
may be an escape route inbetween. The aim of this section is to show that these ‘in-
between’ routes are all blocked because theorems 1 and 2 can be generalised to more
powerful impossibility theorems.
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Let us consider the following weakening of U. Suppose R is the solution con-
cept, and let I be a game in which at node x it becomes clear that / is not playing
any strategy in R;(T"). Axiom U would abandon attempts to predict i's play here on-
wards. However, we could think of an intermediate approach where we have a pre-
defined (first) fall-back rationality definition, R}, such that Rr.l( I') is a proper
subset” of §;, and a player / who violates the rationality definition R, is expected to
play some strategy from the set R}(F). In other words, Rr.l( T is like a second
hypothesis about what player i may do, once the first hypothesis (embodied in
R;(T)) is proved false,

At first sight, it seems that modifying axiom U in this manner is a way out. But
it is not. This is because it is always possible to construct a game tree, little more
elaborate than the one used in the proof of theorem 2, in which there is a node which
has the following history. It requires that / violates rationality definition, R;, and
then violates the (first) fall-back rationality definition, R}. What should we assume
about #’s play here anwards? If we now abandon attempts to predict /s play and treat
him as completely unpredictable then an impossibility result can be proved as
before. But, of course, there is a way out. This is, to assume that we have & second
fall-back rationality definition, RZ, for a player who first violates R and then
violates R!.

But by now it should be evident to the reader that as long as we have a finite
number of fall-back rationality definitions and concede that a player who has
violated all these must be totally unpredicable, we can combine this weaker version
of axiom U, with axioms F, B and S to once again establish an impossibility theorem.

Despite the reliance on one principle game in the proofs, it should be obvious
that the paradox highlighted in this paper arises in a class of games, including
Selten’s (1978) chain-store game, the Prisoner's Dilemma, Reny’s (1986) game, com-
binations of these, ete. It should, in principle, be possible to isolate the class of
games in which the rationality paradox arises. I did not attempt this in the present
paper but it is worth noting that, in a broad sense, the paradox arises in any game
which has the following possibility: There is a move such that after a player (call him
A) makes the move then (i) if others treat A as irrational, it influences their future
play in a way which makes the move a rational one and (ii) if others treat A as ra-
tional, then it influences their future play in a way which makes the move irrational
for A,

It should be immediately clear that if a certain move is the last one A makes
in a game, then that move can never be the basis of the above conflict. It follows
that in repeated games with changing partners (asin some biological games) the kind
of paradox precipitated in this paper does not arises. Subgame perfection may
therefore be a solution concept more suitable for evolutionary games.

Tour R}(I‘) = §;, then we are back to the complete unpredictability assumption of section 2.
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Let us now turn to some interpretational issues. As already mentioned, the ax-
iom that is likely to be the most contentious is axiom U or one of its variants. Hence,
in the light of the above impossibility theorems we are forced into taking one of the
two broad positions. (1) We could treat U or U* as reasonable, and reject the view
that every game must have a solution, or that rationality is always definable even
in strategic environments. {2) We could reject U and U* and maintain that
reasonable solutions can be defined for all games.

(2} seems to direct us towards a model with ‘mistakes’. The usual approach is
to consider the limit of games with mistakes (as the mistakes vanish). An alternative
is a model in which deviations from rationality are treated as possible but of zero-
probability,ina measure-theoretic sense. This makesit possible to ignore past devia-
tions. This is an interesting route which has not been adequately explored in the
literature8.

However, as must be evident from the many arguments above, Tam at this point
inclined to go along with (). Hence, the present paper considered only a ‘no-
mistakes’ framewaork. This is not unreasonable since in games in which the rules of
play are simple (for example, the Prisoner’s Dilemma in contrast to Chess) the scope
for mistakes is indeed quite limited. Inthe light of these comments one way of inter-
preting the theorems in this paper is to treat them as suggesting that rationality can-
not be defined unless allowance is made for mistakes. It is not that this paper says
that if such an allowance is made, we can define rationality; but it says that the other
route is certainly closed.
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